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Both roots of Eq. (70) have negative real parts if the condi-
tion (24) is satisfied, and at least one root of Eq. (70) has a
positive real part when the inequality (26) is satisfied. For
the case of the Earth-pointing satellite, the effect of the postu-
lated friction is thus simply to convert marginal stability into
asymptotic stability. As for the case of the rotating satellite,
the relationship between the stability of the solution q = 0 of
Eq. (71) and the parameters g, h, and d has been shown by
V. G. Kotowski5 to be such that, for d > 0, Fig. 6 is to be
replaced with Fig. 8, in which the unshaded region once again
corresponds to instability, and the shaded region is now asso-
ciated with asymptotic stability. Thus it may be surmised
that friction effects will be at worst, innocuous, and at best,
helpful.
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The problem considered is the following? given a linear dynamic system of order n, find
the best model of order m, in < ra, with which to derive a suboptimal control for the given
system. The optimization problem covered is the infinite time, linear, output regulator
problem with quadratic cost. The system and model outputs are characterized as elements
of an appropriate Hilbert space, and the model output is constrained to be a projection of the
system output. In this manner, the optimal model initial condition is expressed as a linear
function of the system initial condition, and an-algebraic expression is found for the modeling
error which is minimized numerically. An example is presented wherein the pitch plane dy-
namics of a flexible-bodied rocket vehicle are modeled.

I. Introduction

OIMPLIFYING mathematical models of dynamic systems
£j has traditionally relied heavily on the experience and
ingenuity of the analyst. More recently, there has been con-
siderable activity in the area of developing- general techniques
for simplifying, or approximating linear models of dynamic
systems. These efforts have principally addressed the prob-
lem of modeling a system of linear homogeneous differential
equations with a linear homogeneous model of lower order;
usually constant coefficient. Modeling has been achieved
using both frequency and time domain techniques, and the
approach has varied in sophistication from pole removal to
projection in a function space.1-2

This paper is concerned with the following problem: given
a linear dynamic system of order n, find the best model of
order m,m<n, with which to derive a suboptimal control for
the given system. The optimization problem covered is the
infinite time, linear, output regulator problem with quadratic
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cost. A model is derived such that the optimal control policy
for the model is the "best" suboptimal control policy for the
actual system.

Simplified models are important in applications of optimal
control theory. For example, the synthesis of a stability aug-
mentation system for a helicopter using the formalism of
Murphy and Narenda involves solving successively several
optimization problems with concurrent simulation of the
system response to a variety of initial conditions.3 If the
dimension of the state vector is high, the computation time
required by this procedure becomes excessive. The designer
is forced to arbitrarily reduce the order of the model to an
order compatible with the computer time allotted to the de-
sign. In other problems control-system simplicity is essen-
tial and a dynamic "observer" to reconstruct the components
of the state vector not measured would be too complex. In
this event a control policy that requires only a linear algebraic
operation on the system outputs would have obvious advan-
tages.

The modeling technique presented here provides a means of
deriving a simple model and a suboptimal control policy that
operates directly on the measured state variables. The ap-
proach to the modeling problem taken here is to characterize
the system and model outputs as elements of a Hilbert space.
The equations used in deriving the model are then obtained
by constraining the model solutions to be projections of the
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solutions of the given system. The parameter matrices de-
scribing the model are found by using an iterative numerical
technique to minimize an appropriate modeling cost func-
tional.

II. Problem Statement

In order to prevent confusion over terminology, the terms
"system" and "model" will be defined more precisely.

Definition 1

The "system" is a linearized mathematical description of a
specified physical process. This description is as complete
and accurate as the analyst can achieve, and is assumed to
have the form

x = Ax + Bu, x(0) = x0, y = Cx (D

wherein x is an ^-vector, u an r-vector and y an m-vector,
with A, B, and C, nxn, nxr, and mxn, respectively. The
initial condition x0 will be assumed to be a mean zero random
variable with covariance matrix a2/. It should be noted that
the y vector is given a slightly different interpretation here
than is usual. It will be assumed that the C matrix can be
altered by the modeler. The individual components and also
the dimension may be changed over some specific range. This
is important in what follows since the dimension of the model
is the same as the vector y, and the number of state variables
measured can often be changed to achieve improved per-
formance. In any given problem, the dimension of y} and
hence, of the model, will be governed partly by physical con-
siderations and partly by the ability of the designer to select
a priori the most important components of the state vector.

It is assumed that the system is controllable and observable
and that the cost functional

J = [<3/,Qy) + (u,Ru)]dt (2)

is appropriate, where Q is an mxm positive definite matrix,
and R is an rxr positive definite matrix.

Definition 2

The "model" of a given system is a simplified description
of the underlying physical process. It is simpler in the sense
that it is of lower order than the system defined previously, and
therefore provides a less accurate picture of the physical
process. The model is described by the set of equations

dy/dt = Ay + Bu, #(0) = y0 (3)

where y is an m-vector, u is an r-vector, and A and B are mxm
and mxr, respectively. The model is assumed to be control-
lable and the cost functional associated with the model is

J = l(y,Qy) + (u,Ru)]dt (4)

where Q and R are the same weighting matrices used in the
system cost. In this manner the components of the model
state and control vectors are assigned the same importance
as the corresponding components of the system output and
control vectors.

The control policy for the system, Eq. (1), which minimizes
the cost Eq. (2), is well known and is given by4

u(t) = -R-lB'Kx(t) (5)

where K is the unique positive definite solution of the matrix
equation

-A'K - KA + KBR-^B'K - C'QC = 0 (6)

The modeling problem is posed as follows. For the system
described by Eq. (1), find a model described by Eq. (3) so

that the response of the system using the optimal control
policy of the model is as close to that of the model as possible.
The degradation in performance attributable to the subopti-
mal controller used in the system will be measured by the
functional

/A = l(y - yYQ(y - y} + (u - u)'R(u - u)]dt (7)

where y(tj is the optimal response of the model and y(t) is
obtained from Eq. (1) using the suboptimal controller. A
model is called optimal if its 'dynamical matrices and initial
condition are the minimizing elements of the functional

(u - u)'R(u -fl

To motivate the problem as stated above, note that although
the full solution is known, as a practical matter there are situ-
ations in which the optimal control may not be desirable.
The actuating signals for the model and system are respec-
tively

and
u(t) = -R-lB'Ky(t)

u(t) = -

(8)

(9)
In most physical processes, the suboptimal feedback matrix
K operating on the output vector y will be substantially easier
to implement than the optimal feedback matrix K operating
on the state x. Not only is the dimension less in the sub-
optimal case, but this policy avoids those components of the
state vector which are not readily accessible for use with feed-
back.

Another situation where the model will be of utility is in
simulating the physical process on a computer. With the
model as described previously, it is possible to explore the
effects of various initial conditions on the model with the assur-
ance that the actual system will have similar response. In the
case of very large systems there may be modes which are very
lightly coupled to the output, and which, consequently, have
little effect on the cost. In this event a simple model which
closely approximates the output of the system can give valu-
able information about system behavior with less expenditure
of time and effort than a complete system simulation.

III. Solution of the Modeling Problem

It is well known that the solutions of a linear differential
system form a linear space.5 If the cost functional satisfies the
inner product axioms, then it induces a norm on the set of
solutions with the result that the set of all solutions to Eq. (1)
constitutes a subspace of a Hilbert space. One of the most
useful notions associated with Hilbert space theory is that of
orthogonality. The purpose of this section will be to depict
the model outputs as the orthogonal projections of the system
outputs and to explore the implications thereof. Such a de-
scription is similar in spirit to the notion of the characteristic
planes of the model and system.6

Recall that the optimal control with respect to / given by
Eq. (4) for the model, Eq. (3), has the form, Eq. (8), where R
is the positive definite solution of

-A'K - KA + RBR-1B'K - Q = 0 (10)
When this is substituted for u in Eq. (3) the resultant equa-
tion is

dy/dt = (I - BR-iB'K)y, y(o) = y0 (11)
The optimal model response is given by

y(t) = e(A-BR-i
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and the associated cost is and

Jo°° g'Qgdt (13)

where
0 = [Q + KBR^B'K] (14)

The matrix 12 is positive definite by the assumptions on Q and
R, so that the aforementioned integral satisfies the inner
product axioms, and induces a norm on the set of square
integral m-dimensional functions on [0, <» p

(15)

The assumptions on the model guarantee that the model with
control given by Eq. (8) is stable. Hence, for any initial con-
dition #0; \\S\\Q < °°- Further, the columns of the model
transition matrix, Eq. (12), are linearly independent, so that
every model solution lies in an m-dimensional subspace of the
Hilbert space.

Using the optimal control policy for the model in the sys-
tem, the closed-loop equation for the system becomes

= (A - x(o) = x0 (16)

y(t) =

The system cost functional, Eq. (2), becomes

J = ™ [y'Qy + y'KBR-iB'Ky}dt

Thus, the output of the suboptimally controlled system has
the form

(17)

(18)

The metric induced by 12 provides a means of measuring the
"distance" between system and model solutions, and thus is a
natural means of evaluating how well a given model output
simulates the corresponding system output. From Eqs.
(7-9)

/A = /0°° (y - y}(Q + KBR-WK)(y y)dt (19)

= ((y - y), (y - 0)>o - \\y - y\\^ (20)
Note that while both y and y have m components, the system
matrix Ce^A~BR~1BfKC^ has n linearly independent columns,
under the assumption that the system is observable. Hence,
it is possible to treat the model output space as an m-dimen-
sional subspace of the system output space. The error, or
distance between model and system output will then assume
its minimum when it is orthogonal to the model output, i.e.,
when

((y - y},y)v = o
for all y0.

Equation (21) may also be written as

(21)

= <$,$)* (22)
Since the Hilbert Space, as defined, is real, then

<2/>#>a = (y,y)si (23)
Another result of importance is that when the error is or-
thogonal to y, then

\\V - 0||i>* = IMIn2 ~ llSlk2 (24)

To explore the implications of the orthogonality principle, we
write

(25)

y(t) (26)

Note that any $($ can be written as a linear combination of
the columns of l>(0. Thus, if

then

where

(27)

(28)

Vo =

Oil

(29)

A stronger statement than Eq. (21) may be made. Not only
is the error y — y orthogonal to y, it is also orthogonal to each
of the #;; i.e.5

Hence

or

((y - V),gi)a = 0, i= 1,2, ... m (30)

<y,fft>a = (V,9i>Q i = 1,2, - - • m (31)

<flW>a = <fft,V)Q i = 1,2, ...m (32)

since the functions are real.
This relationship can be used to determine the optimal con-

dition y0 for the model corresponding to any given initial con-
dition x0 on the system. Thus

(33)

= 1,2, ... m

By noting the definition of the giy and taking account of their
ordering, it is possible to write the inner products for all i =
1, 2, . . . , m compactly in the matrix equation

Gy0 (34)

where

G = (35)

Similarly, evaluating the left hand side of Eq. (32) gives

f" (36)

= Fx0

where

F = (37)
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Thus [see also Eq. (2) of Ref. 2]

Gy0 = Fx0 (38)
This relationship may be carried one step further. Into the
expression for the optimal model cost

y'Vydt (39)
we substitute for y the relation (26). Then

J = So' f™ 3>'(t)tt$(t)dty0 (40)

But, from Eq. (35), this may be written

J = V.'Gfto (41)
It is known that the optimum cost is4

J = y0'Ry0 (42)
Hence

G = K (43)
and Eq. (38) becomes

Ky0 = Fx0 (44)

But K is the positive definite solution of Eq. (9), and is there-
fore invertible. The optimal model initial condition corre-
sponding to a given system initial condition is

y0 = (45)
It is now possible to evaluate the modeling error, Eq. (19),

in terms of system and model parameters. From Eq. (23)
we have

\\y - y\\2 = Nlo1 - \\y\\v2 (46)
From Eqs. (39) and (43)

\\y\\v2 = y0'Ry0 = x0'FR-^Fx0 (47)
Evaluating \\y\\s? gives

\\y\\s? = (2/,2/>n = | y'&ydt = x0'Mx0 (48)

where

M = f" '<f>'(f)C'QC3>(t)dt (49)•/ o .
Thus, for a specified initial condition #0 the modeling error
may be written

The expected value of this modeling error is

E{JA} = o-2Tr(M - F'R-^F) (51)

where Tr(-) denotes the trace of a matrix.

IV. Reduction to Algebraic Form

At this point the modeling problem has, in principle, been
solved; the mean modeling error has been expressed as a func-
tion of the model parameter matrices, A and B, and it can be
minimized numerically using an appropriate algorithm. Be-

fore doing so, however, it is advantageous to express the defi-
nitions of -M and F in a form more suitable for computer solu-
tion. It is shown in Ref. 7 that under fairly general condi-
tions if the relation

X = - f * e^Cestdt (52)

holds, then X is the uriique solution of the algebraic equation

AX + XB = C (53)

where A is an nxn matrix, B is an mxm matrix, and X and C
are nxm matrices. It is thus possible to express the equations
defining F and M in equivalent algebraic form. From Eqs.
(37) and (49) we have

(A - BR-1B'R)'F + F(A - BE^B'KC) = -S2C (54)
and
(A - + M(A - = -C'OC

(55)

These equations along with the matrix equation for R are
the basic elements in the algorithm for evaluating the model-
ing cost E {/A} • Since the a:2 is fixed, minimizing the trace of
(M — F'K~1F) is equivalent to minimizing the expected
value of the modeling error. Using the properties of the
trace, the expression for the normalized cost may now be writ-
ten in the computationally convenient form

> = Tr (M) - Tr (K^FFf) (56)

Using Eqs. (10), (54), and (55), it is possible to find the A and
B which minimize /*. Due to the complex functional de-
pendence of J* on A and B it is not possible, in general, to
solve these equations explicitly. Instead, a gradient search
technique on a digital computer has been used. In order to
facilitate the numerical minimization of /*, a set of vari-
ational equations are derived in the next section.

V. Variational Equations

Although not as commonly used as the conventional gradi-
ent, the derivative of a scalar function of a matrix with respect
to the elements of the matrix has been treated by several
authors.8'9 Basically, if a scalar / is a function of an rxn
matrix X, with elements #»•/, then its gradient matrix is an rxn
matrix whose ijth element is given by d//d#;/. In the nu-
merical minimization of J*, it is convenient to use the finite
difference approximation to the gradient matrix having as its
ijth element

,y ^ -\J(X ,y) - f(X)]/dxi: (57)
where AX,-/ is an rxn matrix having as its elements all zeros
except for its ^'th element, which is dxij. Finding the ap-
proximate gradient matrix of J* is a two-stage problem, since
J* is ̂ xplicitly a function of the intermediate matrices M, *F,
and K, which, in turn, depend on A and B.

To derive the variational equations, either A is perturbed
by the matrix dA which is mxm with all zero elements except
ddij, or B is perturbed by an mxr matrix dB which has all zero
elements except dbki. Substituting these into the matrix
equation for K yields

-(A + dA)f(K + BK) - (K + dK)(A + 8A) +
(K + dK)(B + 8B)R-i(B + dB)'(K + dK) - Q = 0 (58)
Carrying out the indicated multiplications and retaining first
order perturbations yields

-A'K - SA'K - I'5K - KI - dKA - K5A +
KBR-^B-^K + KBR-WSK + RBR-^B'K +

K5BR-1B'K + dKBR-WK - Q + o(d) = 0 (59)
where

lim £W = o
5->0 ^

(60)

Carrying out the algebraic simplification of Eq. (59) gives, to
a first oro/er in dK

(A - BR-iB
- {(3A -

+ dK(A -
K(8A - (61)
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Fig. 1 System of equations de-
scribing flexible dynamics of rocket

vehicle.

xl
X2

X3

X4

X5

X6

f-0. 21053 -0.10526 -0.0007378 0.0 0.0706- 0.0

1.0 -0.03537 -0.0001180 0.0 0.0004 0.0

0.0 0.0 0.0 1.0 0.0 0.0

0.0 0.0 -605.16 -4.92 0.0 0.0

0.0 0.0 0.0 0.0 0.0 1.0

0.0 0.0 0.0 0.0 -3906.25 -12.5

Xl

X2

X3

X4

X5

X6

+

-7.211

-0.05232

0.0

794.7

0.0

-448.5

1.0 0.0 0.0 0.000334 0.0 -0.0077281

0.0 1.0 Q.O 0.0 0.0 0.0 J

X2

X3

X4
X5

X6

Note that this variational equation for dK has the same form
as the equation defining F and M. In a similar manner,
equations have been derived defining 5F and dM. They are,
to a first order
[A - BR-iB'K]'dF + dF[A - BR-^B'K] =
-{[R&R-^dB'g + B'dK) + (K5B + dKB)R-iB/K]C +

[8A - BR-^B'bK + dBfK) - dBR-lB'K]'F -
F[BR-l(B'bK + dB'K)]C} (62)

and

[A - BR-l£'KC]'dM + 5M[A - BR-^
{[BR-\bBlK + SdK)C]'M + M[BR-i(S
C'[KBR-l(dB'K + BdK) + (KdB + dKB)R~1S/K]C} (63)
By use of the same variational technique the increment in the
cost is found as a function of dK, dF, and dM. Thus
(J* + dJ) = Tr.{(M + dM) -

(F + dF)(K + dK)-\F + dF)} (64)
But

(K + dK)-1 = (£-1 - K~ldKK~l) + o(dK) (65)
Simplifying, and utilizing the properties of the trace yields
finally

dJ = Tr (8M) - Tr {K~l(2dF - dKK'^F'} (66)
By sequentially perturbing the elements of A and then B in
the preceding variational equations, it is possible to derive the
gradient matrices for the system. The elements of these
gradient matrices may be programed in vector form for use
with one of the methods available in the literature to achieve
rapid convergence to the A and B which minimize the model-
ing cost functional, /*.10

VI. Example

In order to demonstrate the applicability of the preceding
theoretical development to an engineering problem, an ex-
ample was chosen in which the system of equations to be
modeled represent the pitch plane dynamics of a flexible
bodied rocket vehicle. The variables describing the rigid
body motion of the vehicle are angle of attack, a, and pitch
rate, 0. These are controlled by deflection of a rocket nozzle
or movable flaps. The control deflection is denoted by d.
The small amplitude oscillations of the vehicle due to its flexi-
bility are normally called the bending modes. Each of these
is characterized by a second-order differential equation with

a small damping coefficient. It is usually necessary to con-
sider the behavior of the first two or three bending modes
when designing a control system for such a vehicle. When
the first two bending modes are considered along with the
rigid body dynamics, a sixth order system results. This ex-
ample is considered to be a relatively severe test of the model-
ing procedure due to the low damping of the bending modes.

The system to be modeled is shown in Fig. 1. The physical
significance of the variables is as follows

State Vector
Xii 6 pitch rate rad/sec
#2: a angle of attack rad
#3: £1 1st mode deflection rad
x±\ £1 1st mode deflection rate rad/sec

2nd mode deflection rad
2nd mode deflection rate rad/sec

control deflection rad

2/i: pitch rate mixed with rad/sec
bending rates

y%: angle of attack rad

The eigenvalues of the system matrix shown in Fig. 1 are:
XbX2 = -0.1229 d= j 0.3124; X3,X4 = -2.46 =fc j 24.6; XB,Xe
= —6.25 =t j 62.5. A digital computer modeling program
embodying the modeling equations was used to derive an
optimal model and associated set of feedback gains for the
system of Fig. 1. The resultant model for Q = R = / is
given by

x5: £2

Control
u: d

Observables

d t l f t
-1.415 -0.75758
0.75081 -0.25730

-6.73171 ~
-0.0002J u

while the feedback gain matrix is

K "0.12984
0.08748

0.08748"!
1.01153J

The suboptimally controlled system using this feedback gain
matrix and the projection matrix F. are shown in Fig. 2. The
optimally controlled model is given by

1
J

-7.29874 -4.72256
0.75074 -0.25734

The eigenvalues of the optimized model are Xi = —6.75292;
X2 = —0.80316. While the eigenvalues of the suboptimally
controlled system are: Xi = -5.63949; X2 = -0.79236;
X3,X4 = -1.3779 d= j 24.87508; X5,X6 = -4.73120 ± j
62.24081. The comparative time response of system and
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X2
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Fig. 2 Suboptimally controlled
system, and projection matrix.

0.1432 0.0961 -0.0026 0.0 0.0066 0.0

0.1283 1.0643 0.0013 0.0 -0.0027 0.0

model are shown in Fig. 3 for various sets of initial conditions.
It may be observed that the model outputs follow the low-
frequency components of the system outputs rather well.

It should be noted that there are other approaches to the
problem of reducing the order of the system model. One such

method was brought to the attention of the authors by,a re-
viewer of this paper. By introducing dynamic operations in
series with the actuating signal it is possible to incorporate
residual stiffness effects of the first two deflection modes into
the rigid body representation.11-12 Such an approach has

• SYSTEM
• MODEL

1.0
t - sec

1.0
t - sec

SYSTEM
MODEL

0.707
0.707
0.0
0.0
0.0
0.0

Fig. 3a Fig. 3b Fig. 3c

--- SYSTEM
- MODEL

---SYSTEM
——— MODEL

Fig. 3 Comparison of system and model
response for the system initial condition X0»

Fig. 3d Fig. 3e



AUGUST 1971 SUBOPTIMAL CONTROL OF LINEAR SYSTEMS 1467

several advantages. It is much simpler computationally,
and when employed by an experienced designer it gives a
physical insight into the way the neglected modes of response
effect closed loop performance.

It has the usual limitations introduced by the approxima-
tions inherent in the procedure. For systems without the
natural modal decomposition displayed by this example, the
influence of these approximations may be difficult to evaluate.
The open loop poles of a model derived from the techniques of
Refs. 11 and 12 differ significantly from those derived here
with the result that an optimal control derived on the basis of
the former model would not necessarily be similar to that pre-
sented here. It can be shown, however, that if the controller
presented in this example is used with either model, the closed
loop poles are nearly the same.

VII. Conclusion

A procedure for evaluating a simple model of a complicated,
linear dynamical system has been presented. The model is
selected to insure that the actual system response is as close
as possible to that attained by the optimally controlled model.
Particularly when vehicle trajectories must be obtained by
simulation for a wide variety of initial conditions, the simple
model will help reduce the computational requirements while
providing insight into the important dynamic properties of
the system.

The assumption on the initial condition vector x0 can be
changed and similar results derived. If x0 is fixed or con-
strained to lie within a convex set, the preceding analysis is
still applicable for the most part. The most important
change is in J* (see Eq. 56)) which would now be related to
the eigenvalues of (M — PRF'). The same numerical meth-
ods can be used in this event, but the solution is more difficult.
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